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The compressible Navier–Stokes equations are solved for turbulent spots in otherwise laminar
boundary layers with external ﬂow Mach numbers of 3 and 6. In each case two wall temperature
conditions are simulated, one corresponding to an adiabatic wall and the other to a cooled wall where
the wall temperature is equal to the free stream temperature. The simulations show that the main
parameter determining the spot lateral growth rate is the Mach number. The wall temperature plays a
secondary role, with the cooled wall cases having lower lateral growth rates. The lateral spreading near
the wing tips of the spots is examined in detail, revealing two components of the lateral growth
mechanism. Firstly, turbulent structures are shown to convect outwards from the core of the spot,
accounting for half the lateral growth rate at Mach 3 and three quarters at Mach 6. Secondly, new
structures are created, the origin of which is shown to be in the instability of lateral jets of ﬂuid issuing
from the spot.
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Flight vehicles designed for re-entry or for high speed ﬂight in
the atmosphere are affected by changes in the transition process
due to compressibility and surface heating. Re-entry vehicles
initially have a large proportion of laminar ﬂow which can be
tripped to turbulence, for example by surface protrusions [1]. In
this case the turbulent ﬂow has higher levels of surface heating,
which can compromise the performance of the heat shield. Indham).
Cachan Ce´dex, France.
Y license.contrast to low-speed ﬂows, transition to turbulence at high speed
often occurs over an extended region of the boundary layer develop-
ment, making detailed prediction difﬁcult. This is a particular issue for
wind tunnel and small-scale model ﬂight testing where the Reynolds
numbers are not high enough to develop fully turbulent ﬂow. In such
cases it is necessary to include boundary layer trips to get a
representative turbulent ﬂow, however the effectiveness of such trips
is open to some doubt. The present work has been performed in the
context of the LAPCAT [2] and ATLLAS EU FP7 projects, which are
concerned with the development of propulsion systems for contin-
uous high speed ﬂight (Mach 4 to Mach 8) in the atmosphere. The
projects include wind tunnel tests on scale models and large eddy
simulations at the wind tunnel ﬂow conditions [3], which are subject
to transitional effects. The objective of the present study is to
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Fig. 1. Plan view of a turbulent spot with annotation to show the key features.
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involving the growth of turbulent spots, to Mach number and wall
temperature, and to study in more detail the fundamental mechan-
isms responsible for turbulent spot growth.
Turbulent spots were ﬁrst identiﬁed by Emmons [4] and are a
characteristic feature of transition to turbulence in an environ-
ment with high amplitude freestream disturbances [5]. Transition
in such ﬂows is classiﬁed as being of the bypass type, since the
primary and secondary linear instability stages are bypassed to
generate turbulence directly. Spots have a characteristic arrow-
head structure, as shown in Fig. 1, and have a lateral half-angle
growth rate a that is constant, at least in simple boundary layer
ﬂows. In incompressible ﬂow with zero pressure gradient a is
approximately 101 [6]. Other characteristics of turbulent spots in
low speed ﬂows have been well documented in the literature, for
example in [7,8]. The leading edge of the spot convects at
approximately 90% of the freestream and both the front and the
sides of the spot have an overhang of turbulent ﬂuid above
laminar ﬂuid near the wall. The latter leads to difﬁculties in
identifying a universal growth rate since measurements taken at
the wall give lower growth rates than visualisations that integrate
across the boundary layer. The rear of the spot convects at 50–60%
of the freestream velocity, with a dependency on Reynolds
number [8] and on streamwise pressure gradient [9,10].
Mechanisms of spot growth are relatively less well under-
stood. Wygnanski et al. [11] observed wave packets developing in
the laminar boundary layer around turbulent spots. Sometimes
these form new spots [12], but this is not seen in all cases; indeed
turbulent spots continue to grow even when the surrounding ﬂow
is stable, for example in plane Couette ﬂow [13] or in a boundary
layer with a favourable pressure gradient [9]. Thus, the excitation
of linear instabilities in the undisturbed boundary layer away
from the spot does not appear to be a mechanism that can be used
to explain spot growth. Gad-el-Haq et al. [14] used ﬂow visualisa-
tions in which the initial patch of turbulent ﬂuid was marked
with dye and showed that the marked ﬂuid had signiﬁcantly
lower spanwise spreading rates than the turbulent spot. This
allowed them to distinguish between two mechanisms of spot
growth: (i) classical entrainment and (ii) growth by destabilisa-
tion. They point out that classical entrainment processes, such as
those occurring at the turbulent/irrotational ﬂow interface above
the spot, would give growth rates more than an order of
magnitude smaller than the lateral spreading rate of a turbulent
spot observed in an incompressible ﬂuid. Hence the spot must
create a destabilising mechanism to grow; to do this it must
modify the surrounding laminar boundary layer.
Growth by destabilisation was emphasised by Krishnan and
Sandham [15,16], who pointed out that a tilting of the vertical
vorticity naturally present at the edge of a spot would give rise to
a lift up of low momentum ﬂuid from the wall, with the
possibility of inﬂectional instabilities. We will return to discussthis description later in the present investigation, but for the time
being we note that this lift-up process is consistent with the
presence of lateral jets of ﬂuid moving outwards at the edges of
turbulent spots. Lateral movement of ﬂuid was measured experi-
mentally within turbulent spots by Wygnanski et al. [7], reaching
magnitudes of 7% of the freestream velocity. Seifert et al. [17]
presented velocity perturbation vectors in horizontal planes,
showing that the lateral velocity perturbations extend well into
the surrounding laminar boundary layer. The spanwise ﬂow is
usually explained in terms of a mass conservation in which ﬂuid
entrained into the spot at the rear and front of the spots is moved
sideways within the spot. A recent example is the work of Lagha
and Manneville [13] which includes contour plots of the spanwise
velocity ﬁeld obtained from simulations of turbulent spots in
plane Couette ﬂow. Inasawa et al. [18] showed experimentally
that the spanwise spreading of a turbulent spot can be inhibited
by inserting thin plates to disrupt the structures near the wing tip,
suggesting that the wing tip region is indeed crucial to the spot
growth mechanism.
The lateral growth rate of turbulent spots shows a remarkable
dependence on Mach number. Early experimental data collated
by Fisher [19] show that increasing the freestream Mach number
from 0 to 6 results in a lateral growth rate reduction by a factor of
between three and four. Since it is difﬁcult to get good experi-
mental data in high Mach number ﬂows, efforts in understanding
the effect of compressibility have only recently started, based on
investigations using direct numerical simulations (DNS) that
resolve all the details of turbulent spots. Krishnan and Sandham
[20] conﬁrmed that the stabilising effect of Mach number could
be captured in DNS using simulations at Mach numbers of 2,
4 and 6, with growth rates at Mach 6 of only 21. All the
simulations were carried out with the wall temperature ﬁxed at
the adiabatic laminar boundary layer value, resulting in hot wall
conditions. Although in the Mach 6 case the turbulence in the
spot core did not become fully developed, it did show new
spanwise-coherent structures attributed to instability modes of
the second or Mack mode type [21]. The presence of such waves
in the surrounding boundary layer was more thoroughly explored
by Jocksch and Kleiser [22], who observed a series of semi-
circular waves forming in the boundary layer surrounding the
spot. These waves are different from the wave packets found in
some experimental studies of incompressible turbulent spots.
Jocksch and Kleiser were unable to obtain satisfactory growth
rate data due to a strong dependency on initial Reynolds number.
They did however simulate a cold wall case at Mach 5, for which
they observed a more slender spot structure than was seen at
lower Mach numbers.
Many unanswered questions remain concerning the mechan-
isms that cause turbulent spots to grow and why compressibility
has such a strong stabilising effect. The present work is a
continuation of the earlier study carried out by Krishnan and
Sandham [20]. Here we include an additional Mach 3 case,
a higher resolution simulation at Mach 6 (adiabatic wall case)
and also consider the effect of wall temperature on spot growth
rate. We also look in more detail at the mechanism of lateral
growth, ﬁnding evidence for two distinct components: one invol-
ving lateral advection of turbulent structures and the other
involving the formation of new structures by the roll-up of lateral
jets. An initial description of the present work can be found in
Redford et al. [23].2. Methodology
The code used in this work is the same as used in Redford et al.
[24] to study transition due to a surface roughness element.
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tions for a Newtonian ﬂuid with Fourier heat conduction. Variables
are dimensionless based on the inlet displacement thickness and free-
stream velocity, temperature, density and viscosity, leading to equa-
tions for mass, momentum and energy conservation as
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where t is the time, xi is a Cartesian co-ordinate system, r is the ﬂuid
density, ui is the velocity vector, ET ¼ p=ðg1Þþruiui=2 is the total
energy and p is the pressure, which is related to the density and
temperature T by the dimensionless form of the perfect gas law
T ¼ gM2p=r, where g is the ratio of speciﬁc heats and is set to 1.4.
The dimensionless numbers determining the ﬂow are the Reynolds
number Re, the Prandtl number Pr (set to 0.72 in all the simulations
reported here) and the Mach number M, all based on the inﬂow
properties. The shear stress tensor is deﬁned by
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@uj
@xi
þ @ui
@xj
2
3
dij
@uk
@xk
 
ð4Þ
where viscosity is calculated using Sutherland’s law m¼ T3=2
ð1þCÞ=ðTþCÞ and C¼110/288 corresponds to a Sutherland constant
of 110 K and a reference temperature of 288 K. It is a feature of the
compressible ﬂow equations with a Sutherland viscosity law that a
reference dimensional temperature has to be set in this manner. In
principle, different simulations have to be run to match different
experimental or ﬂight conditions for freestream temperature. Here
we take standard conditions.
Derivatives are computed using fourth-order centred ﬁnite-
differences and time integration is carried out using a third-order
low storage Runge–Kutta method. The stability of the calculation
is improved by the use of entropy splitting [25,26]. A shock
capturing method [25] was employed. The code was subjected to
an extensive validation exercise (reported in [27]) and subse-
quent applications are reviewed in [28].
It is desirable to avoid simulating the ﬂow around the plate
leading edge, because of the ﬁne grid spacing that would be required
near the surface. Also, at high Mach numbers the leading edge ﬂow
becomes more complicated with the introduction of a shock wave
due to viscous-inviscid interaction. To avoid these problems and save
computational effort we use a velocity and temperature proﬁle from a
compressible similarity solution [29] as the inlet condition for
the computational domain as shown in Fig. 2. A two-dimensionalx
M∞ = 3 or 6
z
y
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Fig. 2. Schematic of the computational domain and the relationship to an
experimental ﬂow.simulation is then run to develop a steady state laminar boundary
layer that is used as the base ﬂow. We can relate the dimensionless
x-co-ordinate used in the simulations, which is the number of inﬂow
displacement thicknesses downstream of the computational inﬂow,
to the Reynolds number based on the distance from the plate leading
edge (ReX) by assuming that the laminar boundary layer similarity
solution applies from the leading edge to the computational inﬂow,
giving
ReX ¼ ReX0þxRe ð5Þ
where Re is the simulation Reynolds number (based on the inﬂow
properties and inﬂow displacement thickness), x is the simulation
streamwise co-ordinate (normalised with inﬂow displacement thick-
ness) and
ReX0 ¼
1
2
Re
Dn
 2
ð6Þ
is the Reynolds number based on freestream velocity, density and
viscosity and distance X from the plate leading edge to the start of the
computational domain. The scale factor Dn is the displacement
thickness of the compressible similarity solution
Dn ¼
Z 1
0
1ru dZr , ð7Þ
where Z is the similarity co-ordinate [29].
The lateral boundary condition is periodic. Matching the spanwise
width to the computational domain length is important for computa-
tional efﬁciency: if the domain is too narrow the spot eventually
interferes with its own periodic repetitions in the spanwise direction;
if it is too wide excessive time is spent computing the laminar
boundary layer that surrounds the spot. There is a characteristic
boundary condition on the top boundary and outlet to reduce the
reﬂection of disturbances back into the domain.
A turbulent spot is initiated in the laminar boundary layer at
x¼20 and z¼Lz/2 using a vortical disturbance of the same form as
that used by Breuer and Landahl [30]. The perturbation consists of
two pairs of counter-rotating vortices speciﬁed in the crossﬂow
velocity components (denoted v0, w0). It requires the speciﬁcation
of length scales lx, ly and lz which were chosen to be 5, 1.2 and 6,
respectively, at Mach 3 and 2.5, 1.2 and 3, respectively, at Mach 6.
Compared to [30] the disturbance is introduced with an ampli-
tude A¼1.2 for all cases, which gives a rapid breakdown to
turbulence. An unintended change of sign of the disturbance
relative to [30] means that the downstream pair of vortices is
initially ejecting ﬂuid from the wall while the upstream pair of
vortices leads to a ﬂow towards the wall, but given the rapid
breakdown to turbulence this is not believed to be signiﬁcant. The
spanwise symmetry is deliberately broken by rotating the initial
disturbance by an angle y¼11, which effectively doubles the
sample size when measuring the spot spreading angle. The
perturbations are introduced into the velocity components as
u0 ¼w0 siny, v0 ¼v0 and w0 ¼w0 cosy.
A total of four cases are discussed in the following sections, two at
Mach 3 and two at Mach 6, with simulation parameters given in
Table 1. For each Mach number two different wall temperature
conditions are considered, one with wall temperature ﬁxed to beTable 1
Details of each simulation including grid size (Ni), domain size (Li), and the
averaging width (7Dz) for the skin-friction measurements.
M Redn0 Tw/TN Nx Ny Nz Lx Ly Lz 7Dz D*
3 1500 2.5 1101 111 191 700 40 120 12.5 3.55
3 1000 1.0 1321 111 321 700 40 120 7.5 1.90
6 5500 7.0 801 141 201 600 30 60 6.0 9.01
6 3000 1.0 2881 281 577 750 30 60 6.0 3.76
J.A. Redford et al. / Progress in Aerospace Sciences 52 (2012) 67–7970equal to the free stream temperature, denoted a cold wall, and the
other with the wall temperature ﬁxed at the laminar adiabatic wall
temperature, denoted the hot wall condition. The latter temperature
is obtained by setting the temperature gradient at the wall equal to
zero in the inﬂow similarity solution. The Reynolds number at the
domain inlet is varied because of the stabilising effect of compressi-
bility and wall temperature. Simulations at higher Mach number or
wall temperature require an increased Reynolds number in order for
the ﬂow to become turbulent. In the current simulations at Mach
3 the inlet displacement thickness Reynolds number is Redn0 ¼ 1500
and 1000 for the adiabatic and cold wall, respectively, while the Mach
6 spots simulations have Redn0 ¼ 5500 and 3000, respectively.
The grid size NxNyNz and the domain size Lx Ly Lz of each
simulation are shown in Table 1. Grid stretching is employed to allow
more points in the boundary layer, such that the vertical location of a
grid point is given by yj ¼ LysinhðCðj1Þ=ðNy1ÞÞ=sinhðCÞ with
C¼2.5 and j¼1.2,y,Ny. The quality of the grids in each case was
evaluated by post-processing to ﬁnd the grid spacing in wall units in
the centre of the spot (averaged over an area within the turbulent
core at the end of each simulation where the local boundary layerFig. 3. Visualisation of compressible turbulent spots at t¼400 with isosurfaces of P¼
(green): (a) M¼3 adiabatic; (b) M¼3 cold; (c) M¼6 adiabatic; and (d) M¼6 cold. (For in
to the web version of this article.)Reynolds number is highest). All cases have streamwise, spanwise
and normal grid spacing that suggest good resolution consistent with
direct numerical simulation (streamwise cell sizes are in the range
7oDxþo18, spanwise in the range 4oDzþo11 and for the ﬁrst
cell next to the wall 0:4oDyþ1 o0:7). To achieve this for the Mach
6 cold wall case required a factor of 20 more gridpoints compared to
the Mach 3 hot wall case and a smaller timestep. Whereas the other
cases required of the order of 10,000 h running typically on 256 cores
of a Cray XT4, the M¼6 cold wall case used 380,000 h on 9216 cores
on a Cray XE6.3. Effect of Mach number and wall temperature on spot
evolution
The turbulent spots are illustrated in Fig. 3 at t¼400 by
isosurfaces of the second invariant of the velocity gradient tensor
P¼ ð@ui=@xjÞð@uj=@xiÞ, and the streamwise velocity perturbation u
0
from the surrounding laminar boundary-layer ﬂow for each of the
four cases listed in Table 1. Each spot consists of a turbulent core8104 in black (red), and u0 ¼uulam¼70.02 in medium (blue) and light grey
terpretation of the references to colour in this ﬁgure legend, the reader is referred
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Fig. 4. Collected measurements of spot spreading half-angle. Current data are
ﬁlled symbols, K adiabatic wall results, ’ cold wall results. Krishnan and
Sandham [20] adiabatic wall r. Jocksch and Kleiser [22] adiabatic wall þ , cold
wall  . The shaded area was derived by Fischer [19] from experimental data.
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identiﬁed by P. All cases have at least some fully turbulent ﬂuid
in the core. Behind the spot there is a region of accelerated ﬂuid
(u040) showing the calmed region, while at the lateral extremi-
ties of the spot streamwise velocity deﬁcit regions (u0o0)
indicate regions where there is an upwash of low momentum
ﬂuid from the wall. The latter phenomenon is discussed further in
the next section; here we focus attention on the signiﬁcant
changes in spot structure due to variations in Mach number and
wall temperature that are evident from Fig. 3.
The spots were all initiated at x¼20 with the same disturbance
at t¼0. By t¼400 the leading disturbances have reached x¼400
to x¼420, indicating that convection speeds are close to the free
stream velocity. The slowest front convection speed is seen for the
Mach 3 cold wall case where the turbulence is fully developed by
x¼360, corresponding to a convection speed of 85% of the free
stream velocity. The rear of the turbulent zone has convection
speeds ranging from 60% (Mach 3 cold case) to 75% (Mach 6 hot
case) of the free stream velocity. These convection speeds are
estimations based on the extent of the turbulent region identiﬁed
visually using the threshold contours used in Fig. 3 and based on
the distance travelled relative to the spot generator (i.e. ignoring
possible variations in convection speed during the initial stages of
spot development). The rear of the visualised calmed region
travels downstream at 40–50% of the free stream velocity. The
small variations in front and rear convection speeds give rise to
spots of variable aspect ratio (i.e. the length to width ratio of the
turbulent core). In agreement with [22] we ﬁnd that the cold wall
cases are very slender, which is due to a combination of the lower
spot growth rate and slower rear convection speed. The M¼6 hot
wall case has a much lower aspect ratio due to the higher rear
convection speed, despite the lateral growth rate being quite low.
The wall temperature has a noticeable effect on the structure
of the turbulent spot. At Mach 3 the cold wall causes the
formation of spanwise-oriented structures at the sides and under
the front overhang of the spot. For the Mach 6 cold wall spot these
structures are more prevalent and have spread to the calmed
region. A similar pattern is found in [22] for a Mach 5 cold wall
spot. The lateral structures have been attributed in [21] to a Mack
J.A. Redford et al. / Progress in Aerospace Sciences 52 (2012) 67–7972mode instability. The cold wall reduces the threshold Mach
number for such instabilities since the local sound speed reduces
with temperature.
Previous studies [19,20,22] have shown a large variability in
growth rates from both experiments and numerical simulations.
This is not only due to variability from spot to spot, but also the
difﬁculties in creating a consistent deﬁnition of spot width. In the
present work, spot growth rates are computed using plan views of
the wall normal vorticity for the same spot at two separate times t0
and t0þDt and manually ﬁtting lines to either side of the spot, with
the slope of the line giving a measure of the lateral growth rate.
A threshold level of oy¼0.06 was chosen since this clearly shows
the characteristic turbulence structures in the spot core; however
this choice is somewhat arbitrary. The process is repeated at six
different times t0 (keeping a constant Dt, in the range of 100–200
depending on the case considered), creating a sample of 12
measurements when data from both sides of the spot are included.
Averaged results are shown in Fig. 4, and compared with the
band of experimental data compiled in [19] and with data from
earlier simulations [20,22]. The latter reference found largeFig. 6. A series of Mach 3 hot wall turbulent spots at (a) t¼400, (b) t¼500 and (c) t¼60
moving frame of reference. Lines are ﬁtted along the front of the spot with equations z
3). (For interpretation of the references to colour in this ﬁgure legend, the reader is resensitivity to Reynolds number, but in the present study these
effects have not been considered, except in ensuring that the
Reynolds numbers are sufﬁciently high for fully developed spots
to be generated. Also the method used to compute the spot
growth rate is effectively averaging over different Reynolds
numbers based on local boundary layer thickness. For the Mach
6 hot wall case the spot nearly ﬁlled the computational box in the
spanwise direction, but the computed growth rate was not found
to be sensitive to this. Error bars of one standard deviation have
been added to Fig. 4. The current results are consistent with the
experimental measurements collected by Fischer [19], with all
cases showing a signiﬁcantly lower growth rate compared to
incompressible ﬂow. Growth rates at Mach 6 are signiﬁcantly
lower than at Mach 3 and there is a consistent trend of reduced
growth rate for cold wall cases, although the effect of wall
temperature appears smaller at Mach 6. Lower wall temperature
reduces the sound speed within the boundary layer (increasing
the local Mach number), so it is perhaps unsurprising that the
reduced wall temperature has a similar effect on spot growth rate
to an increased free-stream Mach number. At Mach 6 the0. The streamwise axis runs from xtUN350 to tUN, so that the sequence is in a
¼0.26(x0.9t)þ75 and z¼0.32(x0.9t)þ50 (shading/colour scheme as per Fig.
ferred to the web version of this article.)
J.A. Redford et al. / Progress in Aerospace Sciences 52 (2012) 67–79 73adiabatic wall turbulent spot spreading rate is 50% greater than in
[20], because the spot now contains better developed turbulence,
having travelled further downstream.
Fig. 5 shows the skin-friction coefﬁcient for each spot at one
time instant, plotted against Reynolds number measured relative
to the leading edge, ReX. To improve the sample size we have
averaged the skin friction coefﬁcients over the spanwise direction
(with length 2Dz as given in Table 1, centred on the spot centre-
line). Comparing simulation results with the Eckert [31] com-
pressible boundary layer correlations shows that there is a good
agreement in the laminar region and that the level of skin friction
in the core of the spot is similar to that of a fully turbulent
boundary layer developing from the plate leading edge. The Mach
6 cold wall case is about two thirds of the way to the turbulent
correlation, and still growing when the simulation had to stop due
to the spot ﬁlling the computational domain.4. Growth mechanisms
As discussed in Section 1, the lateral growth rate of turbulent
spots is larger than classical entrainment of ﬂuid at a turbulent/
non-turbulent interface would suggest, implying the presence of
an additional mechanism by which the surrounding laminar ﬂow
is destabilised [14]. The details of this destabilisation mechanism
are not well understood and the objective of this section is to
present results from the current set of simulations that mightz
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Fig. 7. Flow properties at t¼475 and x¼322 for the Mach 3 hot wall case: (a) streamw
0.1 starting at the surface; (b) temperature T¼2.5 to 1 in increments of 0.25 starting nea
negative).provide some additional insight into this process. Simulations of
compressible turbulent spots are particularly useful in this
respect since the lateral growth rate is strongly affected by
compressibility and this set of simulations contains examples of
spots with very different lateral growth rates.
4.1. General spot features
Fig. 6(a) shows a plan view of a turbulent spot from the M¼3
hot wall simulation at t¼400, using the same visualisation
scheme as for Fig. 3. In this ﬁgure isosurfaces of P show the
small scale turbulence in the spot core, while perturbations in
streamwise velocity show where ﬂuid is being pushed towards
the surface (for example in the calmed region behind the spot) or
lifted away from the surface (for example at the wing tip regions).
Additional lift-up and down-ﬂow events can be seen along the
leading edge of the spot in Fig. 6(a). Fig. 6(b) and (c) shows the
same spot at times t¼500 and t¼600, respectively. The axis limits
have been adjusted for each plot so that structures moving at the
freestream velocity would be aligned vertically in the plots. It can
be seen that the leading edge of the spot is moving downstream
at a velocity very close to that of the free stream. Two dashed
lines have been added to the plots that move downstream at 90%
of the free-stream velocity to show how the front of the turbulent
spot develops an arrowhead shape. The spot is slightly asym-
metric during this stage of development due to the initial
asymmetry of the perturbation. A movie of the process is0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
ise velocity with contours plotted over the range from u¼0 to 1 in increments of
r the surface; and (c) to (e) streamwise vorticity (ox,oy,oz)¼70.05 (dashed line is
J.A. Redford et al. / Progress in Aerospace Sciences 52 (2012) 67–7974presented in Electronic Annex 1, showing more stages in the spot
evolution.
Supplementary material related to this article can be found
online at doi:10.1016/j.paerosci.2011.08.002.
It is clear that new structures are added in the wing tip region
as the spot grows. The turbulence at the front of the spot is
relatively inactive as it is washed downstream and it is here that
some remnants of the initial perturbation are found. The rear of
the spot contains low-speed, near-wall structures that convect
out of the spot core. The overall picture that emerges is of
turbulence at the front of the spot (in the outer parts of the
boundary layer) convecting and evolving downstream, but gen-
erally appearing to be rather passive. Conversely, structures at the
rear of the spot are located nearer the wall and convect in this
case at about 60% of the free stream velocity (roughly thez
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Fig. 8. Streamwise velocity perturbation u0 ¼70.08 (dotted line is negative) at t¼400,
3 hot wall case).convection speed of structures in the buffer layer of a fully
turbulent boundary layer for the Reynolds numbers considered
here). The difference between the front and rear convection
speeds accounts for the spot longitudinal growth. Since the spot
core is turbulent, new structures are readily created that ﬁll in
any gaps due to the streamwise elongation. The arrowhead angle
and the spot growth rate appear to be due to the relative rate of
creation of new structures in the wing tip region.
4.2. Birth of new structures
More insight into the growth in the wingtip region can be
obtained from crossﬂow plots. Fig. 7 shows contours in the y–z
plane of streamwise velocity, temperature and three components
of the vorticity at x¼322 and t¼475. The lift-up of low0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
0 70 80 90 100
425, 450, 475, 500, 525, 550 and x¼272, 289, 305, 322, 340, 356, 372 (Mach
J.A. Redford et al. / Progress in Aerospace Sciences 52 (2012) 67–79 75momentum ﬂuid near the edges of the spot can be seen to
generate regions of high shear (du/dy) near the edge of the
boundary layer, for example at z¼32 and at z¼85. Inﬂectional
instability of such shear layers was the mechanism suggested in
[15,16] for lateral spreading. Although this does seem to be an0 10 20 30 40 50 60
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Fig. 9. Tracking structures in a turbulent spot: (a) Mach 3 hot wall and (b) Mach
6 hot wall. Black lines marked with a circle are regions of accelerated ﬂow u040.
Blue dashed lines marked with diamonds are negative vertical vorticity. Red dot-
dashed lines marked with squares are positive vertical vorticity. Markers signify
the appearance of a structure. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 10. Contours of lateral velocity w for the Mach 3 hot wall case at t¼600 and x
respectively, with a contour interval of 0.025.active mechanism the vorticity plots show that, at the same time
instant that these shear layers are forming, there are already
vorticity ﬂuctuations extending further out into the surrounding
laminar boundary layer. Fig. 8 provides a time series of stream-
wise velocity contours (solid for positive ﬂuctuations and dashed
for negative). The contour levels have been chosen to highlight
the new structures developing near the lateral edge of the spot.
Two important observations can be made from this plot. Firstly,
by tracking structures from one frame to the next we can see that
there is a general trend for them to drift outwards from the spot
core. This is due to the secondary ﬂow pattern for turbulent spots
discussed earlier, in which ﬂuid is entrained at the rear and top of
the spot and ejected in the lateral direction. Secondly, we can see
the creation of new structures in the wing-tip region, for example
a new low speed region forms between t¼400 and t¼425 near
z¼88 and a new high speed region forms between t¼500 and
t¼525 near z¼26.
Fig. 9(a) condenses the data from Fig. 8 for the Mach 3 hot wall
case into a single plot in which the individual structures are
tracked in space and time. Each line on the plot represents a
structure, detected in a number of different ways, including
streamwise velocity and vertical vorticity (positive and negative).
Symbols are used to show the appearance of new structures.
These often appear as a set of three lines with vorticity of opposite
signs forming either side of a region of high speed ﬂow, i.e. an
inrush of high momentum ﬂuid moving towards the wall, devel-
oping vorticity perturbations on either side.
The overall spot lateral growth is given by the envelope of all
the lines and points (this is not exactly the same as the spot
growth rate deduced earlier, which was based on a threshold
value of the wall-normal vorticity), whereas the lateral displace-
ment of individual structures is given by the lines. It can be seen
that the overall growth rate is about twice the rate at which
structures are displaced laterally. Thus two mechanisms are
actively growing the spot: destabilisation of the laminar bound-
ary layer leading to new structures and advection of existing
structures. We discuss below how the two mechanisms may be
linked. For the Mach 6 hot wall case shown in Fig. 9(b) the
structures near the edge of the spot are moving outwards at a rate
that is roughly three-quarters of the overall growth rate. Thus the
growth by destabilisation seems to be reduced at the higher Mach
number. Based on dye visualisations, Gad-el-Haq et al. [14]
suggested that, at low speed, most of the lateral growth came
from the destabilisation mechanism and it is this component that
seems to be strongly damped by Mach number, almost comple-
tely disappearing by M¼6.
The distribution of the lateral velocity is of interest, since this
determines the convective part of the spot growth mechanism.
Fig. 10 shows contours of spanwise (w) velocity in a crossﬂow
plane at x¼406, t¼600 for the Mach 3 hot wall case. A lateral
jet is seen at either side of the spot protruding into the surround-
ing laminar boundary layer. The magnitude of the w velocity at
the edges of the spot (z¼12, z¼108) is of the order of 10% of the
free stream velocity. The spatial distribution of this lateral jet is
shown in Fig. 11 by contours of w at four different heights
from the wall. Near the wall, Fig. 11(a) shows no signiﬁcantz
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of the ﬁgure and are strongest in Fig. 11(c) at y¼1.21 (which is
approximately a third of the boundary layer thickness). They
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Fig. 11(d).
4.3. Role of lateral jets
Finally, we consider some details of the evolution of the lateral
jets. Fig. 12 shows instantaneous velocity vectors in the crossﬂow
plane superimposed with contours of streamwise vorticity,
viewed at a low value to emphasise the weak streamwise
vorticity forming near the edge of the spot. To show more detail
of the ﬂowﬁeld we focus only on the left edge of the spot (looking
downstream), in which the lateral jet is moving from right to left
with the turbulent zone on the right of the picture. In
Fig. 12(a) we see a weak lateral jet within the laminar boundary
layer outside the turbulent region (e.g. for zo25). The strongest
features near the edge of the spot in Fig. 12(b) are the lateral jets
seen for 21ozo24 and 26oxo28. The velocity vectors in this
region show that the ﬂow is angled upwards. It can be seen that
there is a streamwise vortex centred at z¼26.5, y¼1.2 producing
an upwash of low momentum ﬂuid from the wall and a weaker
vortex near z¼25.5, y¼2. It is speculated that successive events
of this type sustain the persistent feature of lifted, low-speed ﬂuid
seen for example in Fig. 6 at the lateral tips of the spot. The same
events lead to regions of reversed lateral ﬂow near the wall (near
z¼21 and z¼25 in Fig. 12(c)) developing into a substantial ﬂow
back towards the spot core in Fig. 12(d). Meanwhile the lateral jet
furthest from the spot core becomes horizontal in Fig. 12(c) and
dips down in Fig. 12(d) at z¼20. At the time instant shown in
Fig. 12(e) the structure of the ﬂow near the edge of the spot
(z¼18) is similar to that in Fig. 12(a) at z¼27, both showing a
lateral jet, a vortex and ﬂow back towards the spot core under the
vortex. The lateral jet frequently shows a meandering pattern
(seen here most clearly in Fig. 12(b)) that is reminiscent of the
antisymmetric mode of a plane jet (see e.g. [32]).
The presence of lateral jets is evidently important to the growth
of spots by convecting turbulent ﬂuid out into the surrounding
laminar ﬂow. However, it appears from the previous discussion that
the jets are also a key ingredient in the destabilisation of the
surrounding laminar ﬂuid. The jets exist in a highly disturbed
environment at the edge of the turbulent spot and it seems that
the main ingredient in developing new structures is the antisym-
metric mode of instability of this jet, leading to a meandering
pattern in the velocity vectors. As the jet spreads into the quiescent
external ﬂuid it is continually excited by turbulence from the spot. If
the ﬂow were less noisy and more uniform in the spanwise and
streamwise directions, one would be tempted to invoke a cross-ﬂow
instability model to explain the formation of new quasi-streamwise
vortices at the spot edge, but this would be an over-simpliﬁcation. If
the mechanism were purely a crossﬂow instability one would not
expect such a strong Mach number inﬂuence [33], since the Mach
number based on the crossﬂow velocity is subsonic for all the cases
shown here, even those with very strong reductions in growth rate.
It is more likely to be the meandering of the jet that leads to a strong
Mach number effect, since this brings the jet ﬂuid into regions of the
boundary layer that do have a signiﬁcant Mach number.5. Conclusions
Direct numerical simulations of isolated turbulent spots have been
carried out to investigate the effects of Mach number and wall
temperature and to investigate the mechanism of spot growth. The
simulations were run far enough for turbulence to be present, even
for the Mach 6 cold wall case, which is the slowest to develop. An
averaging method is used to improve the reliability of the spot
growth rate measurements. With respect to Mach number, thepresent results are in agreement with previous ﬁndings, with the
spot half-angle growth rates at Mach 6 a factor of four below those
found in incompressible ﬂow. At Mach 3 a cold wall condition (with
wall temperature equal to the free stream temperature) is found to
have 40% lower growth rate than a hot wall case. At Mach 6 the effect
is smaller but the cold wall case is also found to be stabilising. The
variation of growth rate with wall temperature is another possible
reason for the wide scatter seen in experimental measurements of
spot growth rates. The spots show a wide variation in planform
shape. In the adiabatic wall cases the spot rear convection velocity
increases markedly with Mach number giving a more compact spot.
The cold wall cases at Mach 3 and 6 both have a long slender
structure and conﬁrm the presence of intermediate-scale structures
around the edges of the spot that are either spanwise-coherent or
swept backwards.
In agreement with previous investigators we ﬁnd two distinct
mechanisms of spot growth. One involves structures being
advected by the spot secondary ﬂow pattern and moving
outwards from the core of the spot along lateral jets of ﬂuid.
The other involves the creation of new structures in the wing tip
region. As the Mach number increases the latter mechanism
strongly decreases and by Mach 6 contributes very little to spot
growth. The destabilisation mechanism involves an unstable
meandering of the lateral jets giving rise to new regions of
concentrated streamwise vorticity.Acknowledgements
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